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Abstract 

In this paper, we define a semi-symmetric metric Killing vector field, then study semi- 
symmetric metric Killing vector fields on warped and multiply warped products with a semi- 
symmetric metric connection. We also study Killing and 2-Killing vector fields on multiply 
warped products. 
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1 Introduction 

The warped product M\ x f M 2 of two pseudo-Riemannian manifolds (Mi, < 71 ) and (M 2 , ( 72 ) with 
a smooth function / : Mi —> ( 0 , 00 ) is a product manifold of form Mi x M 2 with the metric tensor 
g = 9i © f 2 gi- Here, (Mi, < 71 ) is called the base manifold and (M 2 , < 72 ) is called as the fiber manifold 
and / is called as the warping function. The concept of warped products was first introduced by 
Bishop and O’Neill in [1] to construct examples of Riemannian manifolds with negative curvature. 

One can generalize warped products to multiply warped products. A multiply warped product 
(M, g) is the product manifold M = B x f 1 Mi x f 2 M 2 x • ■ • x / m M m with the metric g = gs © 
/1 <?Mi ® figM 2 • • • © fm9M m , where for each i e {1, • • • , m}, /* : B -$■ (0, 00 ) is smooth and (M», g Mi ) 
is a pseudo-Riemannian manifold. 

Killing vector fields have been studied on Riemannian and pseudo-Riemannian manifolds for a 
long time. The problems of existence and characterization of Killing vector fields are important 
and widely discussed by both mathematicians and physicists. In [2], the concept of 2-Killing vector 
fields, as a new generalization of Killing vector fields, was first introduced and studied on Riemannian 
manifolds. In [3], Shenawy and Unal studied 2-Killing vector fields on warped product manifolds, 
and applied their result to standard static space-times. 

The definition of a semi-symmetric metric connection was given by H. Hayden in [4]. In 1970, 
K. Yano in [5] considered a semi-symmetric metric connection and studied some of its properties. 
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Motivated by the Yano’s result, in [6], Sular and Ozgiir studied warped product manifolds with a 
semi-symmetric metric connection. In [7], professor Yong Wang studied multiply warped products 
with a semi-symmetric metric connection. 

This paper is arranged as follows. In Section 2, we introduce a semi-symmetric metric connection, 
and then recall the definition of warped products and multiply warped products. In Section 3, we 
define a semi-symmetric metric Killing vector field, then study semi-symmetric metric Killing vector 
fields on warped products with a semi-symmetric metric connection. In Section 4, we study semi- 
symmetric metric Killing vector fields on multiply warped products with a semi-symmetric metric 
connection. In Section 5, we study Killing vector fields on multiply warped products. Finally in 
Section 6, we study 2-Killing vector fields on multiply warped products. 

2 Preliminaries 

Let M be a Riemannian manifold with Riemannian metric g. A linear connection V on a Rie- 
mannian manifold M is called a semi-symmetric connection if the torsion tensor T of the connection 
V 

T(X,Y) = X x Y-X y X ~[X,Y] (1) 

satisfies 

T(X, Y) = n(Y)X — tt(X)Y (2) 

where it is a 1-form associated with the vector field P on M defined by n(X) = g(X, P). V is called 
a semi-symmetric metric connection if it satisfies V<? = 0. 

If V is the Levi-Civita connection of iff, the semi-symmetric metric connection V is given by 

V.y Y = X x Y + t t(Y)X - g(X, Y)P, (3) 

(see [5]). 

The (1,3) type curvature R is defined by R(X,Y ) = VxVy — VyVx — Vpy,v]> and (0,4) type 
curvature is defined by R(X, Y,Z,W) = g(R(X, Y)Z,W). 

We recall the definition of warped product and multiply warped product as follows: 

Definition 2.1. Let (Mi, 171 ) and (M 2 , < 72 ) be two pseudo-Riemannian manifolds, / : M\ —> (0,oo) 
be a smooth function. The warped product M = M\ x f M 2 is the product manifold M\ x M 2 with 
the metric tensor g = g\® / 2 ff 2 • The function f is called the warping function of the warped product. 

Definition 2.2. Let ( B,gs ) and (Mi,gf) be pseudo-Riemannian manifolds, fi : B (0,oo) be 
smooth functions, where for each i £ {l,--- ,m}. The multiply warped product M = B x^ 
Mi x f 2 M 2 x • • • x f m M m is the product manifold B x M\ x M 2 x • • • x M m with the metric tensor 
g = gB © /iffi ® /|52 ® • ■ • © fm9m- The function fi is called the warping function of the multiply 
warped product. 

3 Semi-symmetric Metric Killing Vector Fields on Warped Products 
with a Semi-symmetric Metric Connection 

Lemma 3.1. Let M = Mi X/ M 2 be a warped product with V. If X\,Y\ £ T(TMi), X 2 , Y 2 £ 
YifTMf) and P £ T(TMi), then 
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(1) v. Yl Yi = v Yl u i; 

(2) v. Yl y 2 = Y y 2-, 


(3)Vy 2 Xi = 


^Y~ + n(Xi) 


Y 2 : 


(4 )Vx 2 Y 2 = -/ ff2 (X 2 ,y 2 )grad/ + V 2 X Y 2 - f 2 g 2 {X 2 ,Y 2 )P. 


Lemma 3.2. I 6 1 Let M = Mi Xf M 2 be a warped product with V. If X\,Y\ £ T(TMi), X 2 ,Y 2 £ 
T(TM 2 ) and P £ T(TM 2 ), then 
(l^Yi = - g 1 (X 1 ,Y 1 )P-, 

(2)X Xl Y 2 = ZfY 2 +n(Y 2 )X 1 -, 

(3 )W 2 *i = ^F 2 ; 

(4 )X X2 Y 2 = —fg 2 (X 2 ,Y 2 )grad/ + V 2 X Y 2 + t t(Y 2 )X 2 - f 2 g 2 (X 2 ,Y 2 )P. 


Lemma 3.3. Let M be a pseudo-Riemannian manifold, f £ T(TM), C is the Lie derivative on M 
with respect to f, then: 

(C c g)(X, Y) = g(V x C Y) + g(X Y (, X) (4) 

for any vector fields X, Y £ T(TM). 


Definition 3.4. Let ( M,g ) be a pseudo-Riemannian manifold, f £ T(TM), C is the Lie derivative 
on M with respect to f, then f is called a Killing vector field if 


C c g = 0 


(5) 


Now we define the semi-symmetric metric Lie derivative as follows: 

Definition 3.5. Let M be a pseudo-Riemannian manifold, f £ T(TM), C, is called semi-symmetric 
metric Lie derivative on M with respect to if it satisfied: 

(Z<g)(X,Y) = g(VxC,Y)+g(VrC,X) (6) 

for any vector fields X, Y £ T(TM). 

Definition 3.6. Let ( M,g ) be a pseudo-Riemannian manifold, f £ T(TM ), C is the semi-symmetric 
metric Lie derivative on M with respect to (,, then f is called a semi-symmetric metric Killing 
vector field if 

C c g = 0 (7) 

Using the symmetry in the equation (4), we can get: 

Lemma 3.7. If (M,g,X) is a pseudo-Riemannian manifold, then f £ T{TM) is a Killing vector 
field if and only if: 

g(Vxt,X) = 0 (8) 

Using the symmetry in the equation (6), we can get: 

Lemma 3.8. If (M, g,X) is a pseudo-Riemannian manifold, then £ £ T(TM) is a semi-symmetric 
metric Killing vector field if and only if: 


g(VxC,X) = 0 


(9) 
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Remark 3.9. The relationship between semi-symmetric metric Killing vector field and Killing vector 
field: 

<?(Va- c, X) = s(vA-C + n(QX - g(X, C )P, X) = g(V x (, X ) + ^(C)||X|| 2 - *{X)g(X, Q. 

So when 7t(£)||X|| 2 = Tr(X)g(X, £), we have gfVxCiX) = 0 <*=>■ g(V aC> X) = 0. So we get: 

Proposition 3.10. Let (M,g,V) be a pseudo-Riemannian manifold, f £ T(TM), if 7r(C)||X|| 2 = 
Tr(X)g(X, (), then the following two conditions are equivalent: 

(1) £ is a semi-symmetric metric Killing vector field on M. 

(2) £ is a Killing vector field on M. 

In particular, if P = 0, then the above two conditions are equivalent. 

Remark 3.11. It is easy to see that when P = 0, the semi-symmetric metric Lie derivative becomes 
to Lie derivative, and the semi-symmetric metric Killing vector field becomes to Killing vector field. 

Example 3.12. The semi-symmetric metric Killing vector field on I, where I is an open interval in 
R, and gi = At 2 . Suppose C,,X £ T(TI), then we have f = udt , X = vdt, where u 0, v 0, then: 

^(Oll^ll 2 = g{PX)g(X,X) = g(P, udt)g(vdt, vdt) = uv 2 g{P,dt), 

ir(X)g(X, C) = g{P, X)g{X, C) = g(P, vdt)g{udt , vdt) = uv 2 g{P, dt), 

which means 7t(£)||X|| 2 = ir(X)g(X,Q , so by Proposition 3.10, we have the semi-symmetric metric 
Killing vector field on I is equivalent to the Killing vector field on I, and 

g(XxC,X) = g(V x (,X) = g{S/ v Q t udt,vdt) = g[vS7 g t udt,vdt) = g(vudt,vdt) = iiv 2 = 0, 

since v ^ 0, we have u = 0, soit = a£R \ {0}. 

In a word, the semi-symmetric metric Killing vector field on I and the Killing vector field on I 
has the form adt, where a £ M \ {0}. 

By Lemma 3.1 and straightforward computation, we can get: 

Proposition 3.13. Let M = M\ Xf M 2 be a warped product with V, ( £ T{TM), P £ T(TM\). 
Then for any vector fields X, Y £ T(TM), we have: 

(l c g)(X,Y) = (Zj l5l )(X 1 ,F 1 ) + / 2 (£ 2 2ffl )(X 2 ,y 2 ) + 2[/Ci(/) + / 2 7r(Ci)] ff2 (X 2 ,r 2 ) 

/ 2 *? 2 (X 2 , C 2 )7T(Yi) - f 2 g 2 (Y 2 , C 2 MXO (10) 

By Lemma 3.2 and straightforward computation, we can get: 

Proposition 3.14. Let M = M\ Xf M 2 be a warped product with V, ( £ T{TM), P £ T(TM 2 ). 
Then for any vector fields X,Y £ T(TM), we have: 

(C c g)(X,Y) = (Cl i g 1 )(X 1 ,Y 1 ) + f 2 (£lg2)(X2,Y 2 )+2n((2)g(X,Y) 

+2Ki(f)g2(X 2 ,Y2)-n(Y 2 )g(X,0-n(X 2 )g(Y,0 (11) 

Using the equation (6) and Proposition 3.13, we have: 
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Corollary 3.15. Let M = M\ x f M 2 be a warped product with V, C £ Y(TM), P £ Y(TMi). Then 
for any vector field X £ Y(TM), we have: 

g(y x C,X) = <?i(V^Ci,*i) + f 52(Vi 2 C 2 , X 2 ) 

- f\(X 1 )g 2 (X 2 X 2 )+[Ki(f) + fMCi)]\\X 2 \\l ( 12 ) 

Using the equation (6) and Proposition 3.14, we have: 

Corollary 3.16. Let M = Mi x f M 2 be a warped product with V, C £ P (TM), P £ Y(TM 2 ). Then 
for any vector field X £ Y(TM ), we have: 

<?(Vx <,*) = 5l (Vi- 1 Ci,X 1 ) + / 2 ff2 (Vl- 2 C2,X 2 ) + 7r(C2)||X|| 2 

+ /Ci(/)I|X 2 ||| - Tr(X 2 )g(X, C). (13) 

By Corollary 3.15, we can easily get: 

Proposition 3.17. Let M = M\ x f M 2 be a warped product with V, P £ Y(TMi), C = Ci + C 2 G 
Y(TM). Then £ is a semi-symmetric metric Killing vector field if one of the following conditions 
holds: 

(1) C = Ci, Ci a semi-symmetric metric Killing vector field, and Ci(/) + /7r(Ci) = 0. 

(2) C = C 2 , C 2 is a Killing vector field and ir(Xi)g 2 (X 2l C 2 ) = 0. 

(3) C = Ci +C 2 , Ci is a semi-symmetric metric Killing vector field, C 2 is a Killing vector field, and 

Ci(/) + MC 1 ) = 0, n(Xi)g 2 (X 2 , C 2 ) = 0 . 

Proposition 3.18. Let M = Mi x f M 2 be a warped product with V, P £ Y(TMi), C = Ci + C 2 is a 
semi-symmetric metric Killing vector field, then: 

(1) Ci is a semi-symmetric metric Killing vector field on Mi. 

(2) C 2 is a Killing vector field on M 2 if (i(f) + /tt(Ci) = 0. 

Now we recall the definition of generalized Robertson-Walker space-times as follow: 

Definition 3.19. A generalized Roberts on-Walker space-time ( M,g ) is a warped product of 
the form M = I x f M 2 with the metric tensor g = —d t 2 ® f 2 g 2 , where /:/—>■ (0, 00 ) is smooth, I 
is an open interval in R. 

Proposition 3.20. Let M = I Xf M 2 be a generalized Robertson-Walker space-time with V, P — 
dt £ Y(TI), C = adt + ( 2 £ Y(TM), a £ R\{0}. Then for any X = udt + X 2 £ Y(TM), u £ M\{0}, 
we have: f is a semi-symmetric metric Killing vector field on M if f 2 is a Killing vector field on M 2 
and f = e t , g 2 {X 2 ,C 2 ) = 0. 

Proof. By Proposition 3.17.(3), we just need adt(f) + fn(adt) = 0, and Tr(udt)g 2 (X 2 , C 2 ) = 0. 

On the one hand, adt(f) + fn(adt) = af + fg(adt, dt) = af — af = 0. Consider that o ^ 0, we 
have / = /, then f = e 1 . 

On the other hand, n(udt)g 2 (X 2 , C 2 ) = g(udt,dt)g 2 {X 2 ,C, 2 ) = —ug 2 {X 2 ,C >2 ) = 0, Consider that 
« / 0, we have g 2 (X 2 , ( 2 ) =0. □ 

By Corollary 3.16, we can easily get: 
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Proposition 3.21. Let M = M\ Xf M 2 be a warped product with V, P £ T{TM 2 ), C = Ci + C 2 G 
T(TM). Then C is a semi-symmetric metric Killing vector field if one of the following conditions 
holds: 

(1) C = Ci, Ci « Killing vector field and /Ci(/)||A 2 ||| - n(X 2 )gi(X 1 ,Ci) = 0. 

(2) C = C 2 , C 2 Is a Killing vector field and 7t(C 2 )||A|| 2 - / 2 7r(A 2 )g 2 (A" 2 , ( 2 ) = 0. 

(3) C = Ci + C 2 , each Q is a Killing vector field and /Ci(/)||A 2 ||| + 7r(C 2 )||A|| 2 — 7 t(A 2 )<?(A, C) = 0. 

Proposition 3.22. Let M = Mi x f M 2 be a warped product with V, P £ r (TM 2 ), C = Ci + C 2 is a 
semi-symmetric metric Killing vector field, then: 

(1) Ci is a Killing vector field on Mi if 7r(C 2 ) = 0. 

(2) C 2 is a Killing vector field on M 2 if 7r(C 2 ) = 0 and /Cl(/)||A 2 || 2 — 7r(A 2 )g(A, C) = 0. 


Now we recall the definition of standard static space-times as follow: 

Definition 3.23. A standard static space-time (M,g) is a warped product of the form M = 
Mi x f I with the metric tensor g = gi ® (— f 2 )dt 2 , where f : Mi —>• (0, 00 ) is smooth, I is an open 
interval in R. 

Proposition 3.24. Let M = Mi Xf I be a standard static space-time with V, P = dt £ T(TI), £ = 
Ci + adt £ T(TM), a £ M \ {0}. Then for any X = Xi + udt £ T{TM), u £ R \ {0}, we have: 
C is a semi-symmetric metric Killinq vector field on M if Ci is a Killinq vector field on Mi and 
ufgi(XiXi)-u2(i(f)~af\\Xi\\l = 0. 


Proof. By Proposition 3.21.(3), we just need 

/Ci(/)||udf||! + 7r(ai9t)||Ai + udt\\ 2 — n(udt)g(Xi + udt, Ci + adt) = 0. 

=> fCi{f) 92 {udt, udt)+g(adt, df)\\\Xi\\\+f 2 g 2 {udt, udt)] -g{udt, dt) \gi{Xi,(i)+f 2 g 2 (udt, adt) 


= 0, 


+ uf 


gi{Xi,Ci) - auf " 


^-u 2 Ki(f)- a f 2 [\\Xi\\l-u 2 f 2 

=► u/ 2 5i(^i,Ci) - « 2 /Ci(/) - af 2 \\Xi\\\ = 0, 

since / > 0, we get u/si(Ai,Ci) - u 2 (i(f) - af \\Xf\l = 0. 


= 0, 


□ 


4 Semi-symmetric Metric Killing Vector Fields on Multiply Warped 
Products with a Semi-symmetric Metric Connection 


Lemma 4.1. I 7 1 Let M = B x f x Mi x f 2 M 2 x • • • x f m M m be a multiply warped product with V. If 
Xb, Yb G r (TB), Xi, Yi £ r(TMj) and P £ T(TB), i £ {1, ■ ■ • , m}, then 

(1 Wx b Y b = V B Xb Y b \ 


mx B Yi = 

(3 )V Yi X B = 


_ x B ud 

L 

X B (f, 


_ Y • 


Si 


*(Xb) 


Yi ; 


(4)VxVi = 0, 

(5 )X Xi Yi = -fgfX^Yf) grad/, + V l x T z - ffgfX^P. 
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Lemma 4.2. Let M = B x f 1 M\ x f 2 M 2 x • • • x f m M m be a multiply warped product with V. If 
X B , Yb £ T(TB), Xi , Yi £ r (TMi) and P £ Y(TM r ) for a fixed r, i £ (1, • • • , m), then 
(1 Nx b Yb = X b Xb Y b - ff B (X B , Y B )P; 

(2 )Vx B Y* = + 7r(ri)X B ; 

(3) V Yl X B = ^^Y,; 

(4) V. Vi F I = -/^pQ, YOgrad/i + V^Y; + tt^)^ - ffg^Y^P. 

By Lemma 4.1 and straightforward computation, we can get: 

Proposition 4.3. Let M = B xMi x f 2 M 2 x • • • x f m M m be a multiply warped product with 
V, / £ r(TM), P £ r(TB). Then for any vector fields X 1 Y £ T(TM), we have: 

m m 

(Z c g)(X,Y) = (C^g B )(X B ,Y B ) + £ /f (£*,&)(**, Y) + £2[/ i £ B (/ < ) + Y<) 

2=1 2=1 

m m 

-^2fi9i( x i,CiU(Y B ) ~Y.fi 9i(YiXMX B ) (14) 

2=1 2=1 

By Lemma 4.2 and straightforward computation, we can get: 

Proposition 4.4. Let M = B x f 1 M\ x f 2 M 2 x • ■ • Xf m M m be a multiply warped product with 
V, ( £ r(TM), P £ T(TM r ) for a fixed r. Then for any vector fields X 1 Y £ T(TM), we have: 

m m 

(£ fff )(X,Y) = {Cf B g B ){X B> Y B ) + Yfi^Ci9i){Xi,Yf) + YMCMX,Y) 

2=1 2=1 

m mm 

+ Y 2 f^ B (f^i(Xi,Y i )~Y^9(XX)-Y< X ^(Y,0 (15) 


2=1 


2=1 


2=1 


Using the equation (6) and Proposition 4.3, we have: 

Corollary 4.5. Let M = B x Mi x f 2 M 2 x • • • x f m M m be a multiply warped product with 
V, P G T{TB). Then for any vector field X G T(TM), we have: 


S(V A<,X) = ffB (vf- B c Bj x B ) + ^/^(v( Yi C2,x i ) 

2=1 

m m 

£ fMxs^iXiXi) + Y UiCB(fi) + fM 60 ] ll^l 


(16) 


2=1 


2=1 


Using the equation (6) and Proposition 4.4, we have: 


Corollary 4.6. Let M = B Xf x Mi x f 2 M 2 x • • • x f m M m be a multiply warped product with 
V, £ £ r(TM), P £ r(TM r ) /or a fixed r. Then for any vector field X £ T(TM), we have: 


g(X x C,X) = g B (VYCB,XB) + Yfi9^x i 0^ l )+Y^Ci)\\X\\ 2 

2=1 2=1 
m m 

+ Yf^(fi)\\Xi\\^~Y^ x ^(x,c)- 


(17) 
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By Corollary 4.5, we can easily get: 

Proposition 4.7. Let M = B x M\ xj 2 M 2 x ••• x f m M m be a multiply warped product with 

m 

V, P G T(TB), C = Cb + E Ci G r(TM). XTien £ is a semi-symmetric metric Killing vector field if 

i=1 

one of the following conditions holds: 

m 

(1) C = Cb, Cb is a semi-symmetric metric Killing vector field, and Y [/iCB(/i)+/f tt(Cb)] ||^Q||f = 0. 

i=l 

(2) ( = Ci f or a fixed i , Ci is a Killing vector field and Tr(X B )gi(Xi, Ci) = 0. 

(3) C = Cb + Ci f or a fixed i , Cb is a, semi-symmetric metric Killing vector field, Q is a Killing vector 
field, and [Cb(/z) + /^(Cb)] ||Xi||f - f i ir(X B )g i (X i , Q = 0. 

m m 

(4) C = ^2 Ci) ea °h Ci is a Killing vector field and ^2 /?7t(Xb)<72(^2, Ci) = 0, for any i 6 {1, • • • , m}. 

i=l i= 1 

m 

(5) C = Cb + Y2 Ci) Cb is a semi-symmetric metric Killing vector field, each Ci is a Killing vector 

i— 1 

m m 

field and Y [/iCs(/i) + _/?tt(Cb)] ll^illf - E f?'K(X B )g,{X i ,Q = 0, for any i e {1, • • • , m}. 

2=1 2=1 

Proposition 4.8. Let M = B x f ± Mi x f 2 M 2 x • • • x f m M m be a multiply warped product with 

m 

V, P S r (TB), C = Cb + E Ci *5 a semi-symmetric metric Killing vector field. Then: 

2=1 

(1) Cb *5 a semi-symmetric metric Killing vector field on B. 

m 

(2) each Ci is a Killing vector field on Mi if [fiCs(fi) + /iMCs)] ||= 0. 

2=1 


By Corollary 4.6, we can easily get: 


Proposition 4.9. Let M = B Xf x Mi x f 2 M 2 x • ■ • x / m M m fee a multiply warped product with 

m 

V, P £ Y(TM r ) for a fixed r, C = Cb + E Ci G T(TM). Then C, is a semi-symmetric metric Killing 

2=1 

vector field if one of the following conditions holds: 

m 

(1) C = Cb, Cb is a Killing vector field, and Y [/*Cb(/*)||-X" i||f - n{Xi)g B {X B , Yb)] = 0. 

2=1 

(2) C = Ci f or a fixed i r, Ci Is a Killing vector field ; 

C = Ci /or a fixed i = r, Q is a Killing vector field and 7r(Ci)||Xi||f — 7r(Xi)g(Xj, Ci) = 0. 

(3) C = Cb + Ci f or a fixed i r, Cb is a Killing vector field, £» is a Killing vector field and C,B{fi) = 0. 
C = Cb + Ci / or a fixed i = r, Cb is a Killing vector field, Ci is a Killing vector field, and 

Cfl(/i)ll*i||? + /pr(Ci)ll*i||? - frtXMXi, Ci) = 0 . 

m m 

(4) C = E Ci, eac/i Ci *s a Killing vector field, and E /f [ 7r (Ci)ll^i||? - ^{X^gfiXi, Ci)] = 0, for 

i =1 i=l 

i G {1, — ,m}. 

m 

(5) C = Cb + C 25 Cb is a Killing vector field, each Ci is a Killing vector field, and 

2=1 

m 

E [/iCB(/i)||X i |||+ 7 r(Ci)||X|| 2 - 7 r(Xi) ff (X,C)] =0. 

2=1 


Proposition 4.10. Le£ M = B x f 1 Mi x M 2 x • • • x M m 6e a multiply warped product with 

m 

V, P G r(TM r ) for a fixed r, C = Cb + ^2 Ci is a semi-symmetric metric Killing vector field, then: 

2=1 

m 

(1) 25 a Killing vector field on B if ^2 = 0- 

2=1 


m m 

(2) eac/i Ci is a Killing vector field on Mi if Y n ((i) = 0 an d E [/*CB(/i)||-Xi||? — n{Xi)g{X, C)] = 0. 


5 Killing Vector Fields on Multiply Warped Products 


Notice that when P = 0, the semi-symmetric metric Lie derivative becomes to Lie derivative, 
and the semi-symmetric metric Killing vector field becomes to Killing vector field. So the following 
four results are special cases of Section 4 when P = 0. 

Proposition 5.1. Let M = B x M\ x f 2 M^ x • • • x f m M m be a multiply warped product, ( £ F(TM). 
Then for any vector fields X,Y £ F(TM), we have: 

m m 

(• C c g)(X,Y) = (jOf B g B )(X B ,Y B ) +Y J fi{^ i g i ){X i ,Y i ) + 2^/ i C B (/<)ft(X i) F < )- (18) 

i= 1 i=1 

Corollary 5.2. Let M = B x M\ x/ 2 M 2 x • • • x f m M m be a multiply warped product, C, £ F(TM). 
Then for any vector field X £ F(TM ), we have: 

m m 

2=1 2—1 

Proposition 5.3. Let M = B xMi xy 2 M 2 x ••• xM m be a multiply warped product,£ = 

m 

Cb + ^2 Ci ^ r(TM). Then is a Killing vector field if one of the following conditions holds: 

2=1 

m 

(1) C = C b, C b is a Killing vector field, and /iCs(/i)|| V||f = 0. 

2=1 

(2) C = Ci /or a fixed i , Ci is a Killing vector field. 

(3) C = Cb + Ci / or a /i^ed i, Cb is a Killing vector field, Ci is a Killing vector field, and C, B (fi) = 0. 

m 

(4) £ = ^2 C eac/i zs a Killing vector field. 

2=1 

m m 

(5) C = Cb + X) Ci) Cb is a Killing vector field, each Ci is a Killing vector field, XO /iCs(/i)|| V||f = 0. 

i—1 i=l 

Proposition 5.4. Let M = B x^ Mi x f 2 M 2 x • • • xM m 6e a multiply warped product, C = 

m 

Cb + XO Ci is a Killing vector field. Then: 

2=1 

(1) Cb is a Killing vector field on B. 

m 

(2) each Ci is a Killing vector field on Mi if X] /iCs(/i)||-V||? = 0, /or i £ {1, • • • ,m}. 

i= 1 


6 2-Killing Vector Fields on Multiply Warped Products 

Definition 6.1. I 2 1 Let M be a pseudo-Riemannian manifold, ( £ F(TM) is called a 2-Killing 
vector field, if 

C c C c g = 0 ( 20 ) 

where Cq is the Lie derivative in the direction of C on M. 

Proposition 6.2. ^ Let M be a pseudo-Riemannian manifold, C £ F(TM), then: 

(C c C c g)(X, Y) = 5 (V c V*C - V [CiA -]C, Y) + g(X, V c VvC - V [f , y] C) + 2 g(X x (, WC) (21) 

for any vector fields X, Y £ F(TM). 
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Corollary 6.3. I 2 ! Let M be a pseudo-Riemannian manifold, £ £ T{TM ), then ( is a 2-Killing 
vector field if and only if: 


R{ C, X, X, C) = g(V x C, Va-C) + ff(Vx V f C, X) (22) 

/or any vector field X £ T(TM). 

Lemma 6.4. Lei M be a pseudo-Riemannian manifold, ( £ T(TM) is a Killing vector field of 
constant length, then = 0. 

Then by Corollary 6.3 and Lemma 6.4, we have: 

Corollary 6.5. Let M be a pseudo-Riemannian manifold, f £ F(TM), f is a Killing vector field of 
constant length and also a 2-Killing vector field, then: 

R((,X,XX) = g(X7x(,VxO>0 (23) 


for any vector field X £ T(TM). 

Lemma 6.6. ^ Let f be a 2-Killing vector field on the compact n— dimensional pseudo-Riemannian 
manifold ( M,g ) without boundary. If Ric{C,,Cf) < 0, then f is a parallel vector field and 

Tr(y(V C,VC))=0. (24) 

Lemma 6.7. I 9 1 Let M = B x f 1 Mi x f 2 M 2 x • ■ • x f m M m be a multiply warped product. If Xb,Yb £ 
T(TB), Xi,Yi £ r(TMi), i £ {1, • - - ,m}, then 
(1 Wx b Y b = V y B Y b ; 

(2)Vx B Yi = X Yi X B = ^l^-Yi- 
(4)Vx 4 Fi=0, ifi^j; 

(4 )X Xi Yi = V\-.Yi - fig^XuYi) grad/*. 

By Lemma 6.7 and straightforward computation, we can get: 

Proposition 6.8. Let M = B x f 1 Mi x f 2 M 2 x • • • x f m M m be a multiply warped product, f = 

m 

(b + Y Ci € r(TAf), then we have: 
i= 1 

m m 

(£ c £ cff )(x,y) = (£f B £f B y B )(x B ,y s ) + E/*(44^)P^) + 4^/ i c B (/i)(4 i ffi)(x i ,y i ) 

2=1 2=1 

m m 

+ 2 H/iCB(CB(/i))5i(^i,yi) + 2^CB(/0CB(/i)5i(^i,yi) (25) 

2=1 2=1 

By Proposition 6.8, we have: 

Corollary 6.9. Let M = B Xf 1 Mi x f 2 M 2 x • • • x M m be a multiply warped product. ( = 

m 

C,b + Yl Ci £ r (TM), if f is a 2-Killing vector field, then: 

2=1 

(1) £b is a 2-Killing vector field. 

(2) each Q is a 2-Killing vector field if ( B {fi) = 0, for i £ {1, • • • , m}. 
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Corollary 6.10. Let M = B x Mi x f 2 M 2 x • • • x f m M m be a multiply warped product. £ = 

m 

Qb + X] Ci £ r(TM), if Cb and each Q are 2-Killing vector fields on B and Mi respectively, then ( 

i =1 

is a 2-Killing vector field on M if and only if one of the following conditions holds: 

(1) Cfl(/i) = o. 

(2) each Q is a homothetic vector field on Mi with homothetic factor Ci(i.e, Ct.gi = cigt) such that 


fi< B ( Cb(/0) +Cb(/z)C B(fi) = -2 Cifitsifi). 


(26) 


for any i £ { 1 , • ■ ■ , m}. 

Corollary 6.11. Let M = B x f x M\ x f 2 M 2 x • • • x f m M m be a multiply warped product. £ = 

m 

Qb + YC Ci G T(TM), then £ is a 2-Killing vector field on M if one of the following conditions holds: 
2=1 

(1) C,b and each Q are 2-Killing vector fields on B and Mi respectively, and C B {fi) = 0, for any 

i G {!,••• ,m}. 

m 

(2) C = Y2 C i an d Ci i s a 2-Killing vector field on Mi, for any i £ {1, • • • , m}. 

i=l 

Proposition 6.12. Let M = B x Mi x f 2 M 2 x • • • x f m M m be a multiply warped product, dimf? = 

m 

n , dim Mi = m, i e { 1, • • • , m}, ( = (b + J2 (i ^ T(TM), then 

2=1 


m m 

rr( ff (VC,VC)) = Tr{gB(y B C B y B CB )) + £ Tr V‘Ci)) + 2 £ ||Ci||?||grad/, 


illB 


+ 


m 9 m 

££(«/<)) + 2 E 

7=1 


Cb(/Q 

/i 


divjCj. 


(27) 


Proof. Suppose (ef, ef, • • • , e^} is an orthonormal frame of B, {e\, e\, ■ • ■ , e^} is an orthonormal 
frame of M u i £ (1, — , 7n}. Then ,ef ,ef l , ■ ■ ■ ,e™ m } is an or¬ 

thonormal frame of M. Then for any £ £ T(TM), we have: 

n n\ n m 

Tr( 5 (VC,VC)) = £>(V ef £,V ef £) + -72 X>(V e }C> V eK) + ''' + 7F E 5(Ve r C, V er 0- 

2=1 ' 1 2=1 " 277 , 2=1 

By Lemma 6.7 and straightforward computation, we get 

n m 

E^VefC.V.aC) =Tr( flB (V B C B ,V B C B )) +ElKillillg r ad/ i |||, 

j=i i=i 



So we get the equation (27). □ 

Theorem 6.13. Let M = B Xf x Mi xf 2 M 2 x ••• x f m M m be a multiply warped product. £ = 

m 

Qb + YY Ci € r(TM), B is a compact manifold without boundary, each Mi is a compact manifold 
2 = 1 

without boundary, then: 
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(1) f = fs + 22 C i is parallel if (b is a 2-Killing vector field, each fi is a 2-Killing vector field, 

i=l 

Ric B (fs, (b) < 0, Ric l (fi,fi) < 0, and fi is constant, fori £ { 1 , • • - , to }. 

(2) f = fs is parallel if Cb is a 2-Killing vector field, Ric B (fs , Cb) < 0, and fB(fi) = 0. 

(3) ( = Cb + (i is parallel for a fixed i if fs is a 2-Killing vector field, fi is a 2-Killing vector field, 
Ric B (f B ,f B ) < 0 , Ric l (Q,Q) < 0 , and fi is constant. 

(4) C = C i is parallel for a fixed i if fi is a 2-Killing vector field, Ric 1 (fi,fi) < 0, and fi is constant. 

m 

(5) f = 22 0 is parallel if each Q is a 2-Killing vector field, Ric l (fi, £i) < 0, and fi is constant, for 
*€{!,••• ,rn}. 

Proof. (1) Since fs is a 2-Killing vector field, each fi is a 2-Killing vector field, Ric B (fs,fB) < 
0, Ric l (fi,fi ) < 0, B is a compact manifold without boundary, each Mi is a compact manifold 
without boundary, by Lemma 6 . 6 , we have Tr ^5b(V b Cb, V s Cb)) = 0, Tr(j)i('V l fi,'V l fi)\ = 0. 
Then for constant function fi, using Proposition 6.12, we get : 

3>(<?(VC,VC)) = 0 . 

Thus £ is a parallel vector field with respect to the metric g. 

Using the same proof method, we can easily get (2), (3), (4), (5). □ 

Theorem 6.14. Let M = B x ^ Mi x f 2 M 2 x • • • x f m M m be a multiply warped product, f is a 
non-trivial 2-Killing vector field on M, let K denote the sectional curvature, then: 

(1) If is parallel along a curve 7 , then K(f, 7 ) > 0. 

(2) If f is a Killing vector field of constant length, then K(f, 7 ) > 0. 


Proof. (1) By Corollary 6.3, we have R(f,X,X,f) = g(X x f,V x f) + g(V x V ( f,X). Take X = 7 , 
since V^f is parallel along a curve 7 , then we have VxV^ = 0 , so 


R(f, X, X, C) = g(V x f, V.yC) = II VxCII > 0 


>-R(f,X,f,X) = \\S7 x f\\>0 

K( C ,7) = -“^>0, 

A\f,l) 


where A(£, 7 ) is area of the parallelogram generated by f and 7 . 
(2) Take X = 7 , by Corollary 6.5, we have 


R(f,X,X,f)=g(X x f,V x f)>0 


=> -R(f,x,f,x) = I!VxCII > 0 

^ K( r R(f,x,f,x) ^ 
(C,7) A*(f, 7) - ’ 

where T(£, 7 ) is area of the parallelogram generated by f and 7 . 


□ 


From [2], we can see that (at — b)^dt is a 2-Killing vector field on I, where a, b £ R, t £ I, and 
t ^ -. Then by Corollary 6.10, we have: 
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Proposition 6.15. Let M = I Xp M\ x f 2 M 2 x • • • xy m M m be a multiply warped product. £ = 
1 m 

(at — b) $dt + ^2 Q £ r(TM). Suppose each Q is a 2-Killing vector field on Mi , then C, is a 2-Killing 
2=1 

vector field on M if each Q is a homothetic vector field on Mi with Ci satisfying: 

|/i/i + (/»/» + fi 2 )(at - 6) = —2cififi(at - 6)3. (28) 

We recall the definition of generalized Kasner space-times in [9]. 

Definition 6.16. A generalized Kasner space-time (M,g) is a Lorentzian multiply warped prod¬ 
uct of the form M = I x^p 1 M\ x^p 2 M 2 x • • • x^p™ M m with the metric tensor g = — dt 2 ©0 2pi 5Mi 0 
4’ P2 9m 2 0 • • • © <t> 2pm gM m , where <fi : I —> ( 0 , 00 ) is smooth and pi £ R, for any i £ {1, ..., m} and 
also I = (£ 1 ,^ 2 )- 


Then consider that fi = (j/ H . by Proposition 6.15, we get: 

Proposition 6.17. Let M = I x^pi M\ x^p 2 M 2 x • • • x^p™ M m be a generalized Kasner space-time. 

i m 

C = (at — b) 3 dt + ^2 Q £ T(TM). Suppose each Q is a 2-Killing vector field on Mi, then C, is a 
2-Killing vector field on M if each Q is a homothetic vector field on Mi with Ci satisfying: 

—I—- (at — b) = — 2ci(at — 6 ) 3. (29) 

3 tp 
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